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L AMPL: matrix notation

Tennis betting problem

e 73 amount bet on i-th set for player I, i = 1,2,3.
e 15 amount bet on i-th set for player II, i = 1,2, 3.

1 amount bet on the match result for player L.

L]
e i amount bet on the match result for player I1.
® W winnings.
max w
s.t. w
w 3+ éﬂl ]
w =+ 354
w
w
w
3 2
2im (21 7h) + 2 v
-
T, 23

Y, Y2
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Code: ugly.mod

var xla >=0;
var x2a >=0;
var x3a >=0;
var x1b >=0;
var x2b >=0;
var x3b >=0;
var ya >=0;

var yb >=0;

var w >=0;
maximize profit: w;

subject to budget: xlat+x2a+x3a+xlb+x2b+x3b+ya+yb <= 100;

subject to AA: <= 2/3xxla - x1b + 2/3%x2a - x2b + 2/5%ya -yb ;

subject to ABA: w <= 2/3%xla - x1b - x2a + 3/2*x2b + 2/3*x3a - x3b + 2/5*ya -yb ;
subject to ABB: w <= 2/3*xla - x1b - x2a + 3/2*x2b - x3a + 3/2*x3b - ya + 5/2%yb;
subject to BB: <= -xla + 3/2*x1b -x2a + 3/2%x2b - ya + 5/2%yb;

subject to BAB: w <= -xla + 3/2*x1b + 2/3%x2a - x2b - x3a + 3/2*x3b - ya + 5/2%yb;
subject to BAA: w <= -xla + 3/2%x1b + 2/3%x2a - x2b + 2/3*x3a - x3b + 2/b*ya -yb ;

£ 2 £ £ g =
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Code: pretty.dat

set SCENS = AA ABA ABB BB BAB BAA ;
set VARS = xla x2a x3a x1b x2b x3b ya yb;

param bud := 100;

param ones :=
xla
x2a
x3a
x1b
x2b
x3b
ya 1
yb 1;

B R R R R

param matrix: xla x2a x3a x1b x2b x3b ya yb :=
AA 0.67 -1 0.67 -1 0 0 0.4 -1
ABA 0.67 -1 -1 1.5 0.67 -1 0.4 -1
ABB 0.67 -1 -1 1.5 -1 1.5 -1 2.5
BB -11.5-11.500-12.5
BAB -1 1.5 0.67 -1 -1 1.5 -1 2.5
BAA -1 1.5 0.67 -1 0.67 -1 0.4 -1;
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L AMPL: matrix notation

Code: pretty.mod

set SCENS;
set VARS;

param ones{VARS};
param matrix {SCENS, VARS};

param bud;

var x{VARS} >= 0;
var w >= 0;

maximize profit: w;

subject to budget: sum{i in VARS} ones[il*x[i] <= bud;
subject to scen{j in SCENS}: w <= sum{i in VARS} matrix[j, il*x[il;
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Graphical method

» Only for 2-variables toy examples
» Recipe:

1. draw the convex polyhedron based on a set of constraints;
2. draw the hyper-plane based on the objective
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LGra\phical Method

Example 1: Solve Graphically to Optimality

min  xy +xo
s.t. —x3 —2x0 > —4
—3x1 —2x > —6 (1)
X1 > 0
X > 0
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Polyhedron
min X1 “+Xo
s.t. —x1 —2x, > —4
—3X1 —2X2 > —6
X1 Z 0
X2 Z 0
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Objective
X2
min X1 “+Xo 14
s.t. —x1 —2xp > —4
—3X1 —2X2 > —6
X1 Z 0
X2 > 0

Consider the objective
by z = x1 + x2 which
can be rewritten as

Xo = —X1 + Z.

This is a line with slope
—1 and intercept z.
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Solution
X2
min  xi —+ X2 1,
s.t. —x1 —2x, > —4
—3X1 —2X2 > —6
X1 Z 0
X2 Z 0

We move the line
Xp = —x1 + z for
minimizing its intercept
z. From the graph, the
solution is (0, 0).
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LP Forms

» Symmetric form:

st. Ax>b, x>0.

» Standard form:

st. Ax=b, x>0.
> Inequality form:

min ¢'x
st. Ax>b.
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LLP Forms

Example:

min  |xq| + |x2]

s.t. ‘Xl — X2’ <2

To do: 1) symmetric form, 2) standard form, 3) inequality form.
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LLP Forms

Example

Reformulation to Symmetric form:
min x{ +x; + x5 + x5
—xi X X —xy > =2
Xt —xg —x x> -2
xt >0, x>0, x >0, x, >0
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LLP Forms

Example

Reformulation to Standard form:
min x;{ +x +x + x5
xit—x; —x +x +s5=2
X X X =X s =2
X]—-’—ZO, X]__207 X;—ZO; X2_207 51207 5220-
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LLP Forms

Example

Reformulation to Inequality form:

min x1+-|—x1_ -|—X2+-|—X2_
—x1++x1_ +X2+—x2_2—2
—i—xf—xl_—x;r—}-xz_z—2
x1+>0

x, >0

x2+20

xy > 0.
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L Certificates

A fact to support the Lecture

For all A€ R"™™ and b,y € R"

Ax=b = y Ax=y'b
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A fact to support the Lecture

For all A€ R"™™ and b,y € R"

Ax=Db == y Ax=y'b

y Ax>yTb

Ax > b -
y>0

What if we drop y > 0?7 — Counterexample
3 1 4 10 3 1 4 10
IR e R R

12>10
since - # —16>-14
—4 > -4
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Feasibility and Infeasibility Certificates

» Finding certificates is not an easy problem in general.

» If | found a certificate, which is a vector that satisfies the
corresponding condition, then something holds. Not
necessarily the other way around. LP is great because the
other way around also holds.
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L Certificates

Certificate of Feasibility/Infeasibility

» Symmetric form: Let A€ R™*" b€ R™ and c € R",
min ¢'x s.t. Ax >b, x>0.
» Certificate of feasibility is z € R" that satisfies
Az>b, z>0.
» Certificate of infeasibility is w € R™ that satisfies

wAT=ATw<0, w>0, w'b>0.
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L Certificates

Example 1:

min 5x3 — 6x2 + 4x3
x1—xp —4x3 >1
—x1+3x0 —x3 > 2

x1 >0, x>0, x3>0
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Example 1:

Certificate of Feasibility

min 5x; — 6xo + 4x3
a11z1 + aiz + a13z3 b1,

>
ar121 + axnzy + axizz > b,
Z1,22,23 2

X1—X2—4X3Z].
—x1+3x0 —x3 > 2
X1207 X2ZO7 X3ZO

o

We can find the solution, i.e.,
(z1,22,23) = (3,2,0). So the LP is feasible.
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Example 1:

Certificate of Infeasibility

min 5x; — 6xp + 4x3 bywy + byw
1wl p)

ajiwi + aiwe

X1—X2—4X3Z].
—x1+3x —x3>2
x12>0, x>0, 3>0

ajpwi + axpws

aizwi + axzwp

IV IA ANV
o oo o o

wi, W2
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Example 1:
Certificate of However, no solution exists. Why?
Infeasibility
wi —we <0, —w; + 3w <0, wg >0
wi 42wy > 0, — wy =0,
wp —wy < Oa
—w1 4+ 3w < 0, and
4w —wy < 0, wi—wy <0, —wy +3wne <0, wp >0

but wi + 2wy >0 = (wy,wa) # (0,0).
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+X2
+2x
+2X2

Example 2:
min  2xy
s.t. x1

3X1
X1

X2

VIV IV IV

o OO N

Certificate of Feasibility

ailzy + anzn > by,
ar1z1 +axnzn > by,
z,z2 > 0.

We can find the solution, i.e.,
(z1,22) = (2,1). So the LP is feasible.
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Example 3:

min  xg +x
s.t. x1
X2
—X1 —X2

VIV IV
o

—10
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Example 3:

min  xg +x

st. Xy > 06
X2 Z 6
—x1 —x» > -—10
or in Symmetric form
min  xg +x
s.t. xg > 06
X2 > 6
—x1 —x» > —10
X1 Z 0
X2 > 0
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Example 3:

Certificate of Infeasibility
min  xq +Xx

st xp > 6 bywi + bywo + bswz > 0,
x > 6 ajawy + awe +asiws <0,
—x e 2 10 appwr + anws +azppws < 0,
or in Symmetric form wy, wa,wz > 0.
min  xp +xo and
st.ox > 6 6wi 6w —10ws > O,
X =0 wy -w3 < 0,
—X1 —X2 Z —10 +W2 —ws S 0’
X 2 0 wi, we, w3 > 0.
X2 > 0

A solution is (wy, wo, w3) = (1,1,1).



IEOR 240: Discussion 4
L Certificates

Thank you for your attention !
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