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L Comments about Certificates

LP in Symmetric Form

or

min
s.t.

min c’x
st. Ax> b,
x> 0.

C1X1 + X2+ ...+ CpXp
a1ix1 + apxa + ...+ ainxn > b1
a1 x1 + axnxa + ...+ awnx, > by

am1X1 + am2X2 + ... 4 amnXn > bm,

X1, X2, ..., Xp > 0.
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L Comments about Certificates

LP transformations
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L Comments about Certificates

Certificate of Feasibility
Certificate of feasibility is z € R" such that

Az > b,
z>0.
or
a11z1+ a2+ ...+ anz, > by,
az1+ axpz+...+anz, > by,
amiz1 +amez2 + ...+ amnzn = ms
Z1 Z 07

N
v
o
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L Comments about Certificates

Certificate of Infeasibility
Certificate of infeasibility is w € R™ such that

w'b>0

wlA <O,

w > 0.

or

biwi + bowo + ...+ bpw,, > 0,
anws +auwe + ...+ amw, <0,
appwy + appwe + ...+ amw, < ,
aipwy + apwW2 + ...+ ampwWm <0,
wp >0, ..., wnu, > 0
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L Comments about Certificates

Certificate of Unboundedness

Certificate of unboundedness (together with the sertificate of
feasibility) is z € R" such that

c’'z<0,

Az >0,

z>0.

or
azi+on+...+chzy < 0
azr+anzn+...+amz, > 0
anzy+axpz+...+awnz, =

amz1 +ame22 + ...+ amnzpn 2 s
z>0, ..., z, > 0
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L Comments about Certificates

Certificate of Unboundedness
How to use? - Add to the certificate of feasibility!

X2
min  —2x; —Xx» 14
st. Xx1 +2xp > 4
3x1 +2xp > 6
X1 > 0
X > 0
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L Comments about Certificates

Certificate of Boundedness
Certificate of boundedness is w € R™ such that

wlA <c,
w > 0.
or
ajgwi +aiwo + ...+ amw, <
appwy + apwo + ...+ amw, <
aipwi + apwWo + ...+ ampWm <
wy > 07 ceey Wmo 2

Lower bound:
biwi + bowo + ... + bW,

1

(%)

Cn



IEOR 240, Discussion 5

L Comments about Certificates

Certificate of Optimality
Certificate of optimality is a Certificate of feasibility z € R" and a
Certificate of boundedness w € R™ such that

c’z=w'b

(such z is the optimal solution of the LP) or

auz +awzn +...+awnz, > b,

am1z1 +amez2 + ...+ amnzn > bm
aawi +aiw + ... tFamwn < ¢
aipwi + axpwo + ...+ ampwWm < Gy
Zlye ey Znpy Wiy ooy Wy > 0

czi+...+cpzn— biwy — ... — bpywn
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L Comments about Certificates

How to find certificates

-2



IEOR 240, Discussion 5

L Examples

Example 1: Show Feasibility,

Certificate of Feasibility
min  2x3  +xo

st. x1 420 > 4 anz +awzn > by,
3x1 +2x0 > 6 a1z1 + axnz > by,
X1 > 0 z1,z2 > 0.
X2 Z 0

We can find the solution, i.e.,
(z1,22) = (2,1). So the LP is feasible.
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L Examples

Show Boundedness and give lower bounds.

min 2x; +xo

s.t. x1 +2x, > 4
3x1 +2x0 > 6

X1 > 0

> 0

X2
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L Examples

Show Boundedness and give lower bounds.

Certificate of Boundedness
min 2x; +xo

st. x1 +2x > 4 anuwis +aawe < a
3x1 +2x > 6 appw; +apwe <
X1 = 0 wi,wa > 0

X2 Z 0
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L Examples

Show Boundedness and give lower bounds.

Certificate of Boundedness
min 2x; +xo

st. x3  +2x% > 4 anuwis +aawe < a
3x1 +2x > 6 appw; +apwe <

X1 > 0 wi,wa > 0

X2 Z 0
and
w1+ 3w, < 2
2wy + 2w <
wi,we > 0.

We can find the solution, i.e.,
(wi, wn) = (0.5,0), and the corresponding
lower bound 4 -0.5 = 2.
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Solve Graphically to Optimality

X2
min  2x;  +xo 14
st. x1 +2x, > 4
3x1 +2x2 > 6
X1 Z 0
X2 > 0
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Example 2: Bounded?

Certificate of Boundedness

min 5x; — 6xo + 4x3

auw +aawe <

x1—xp —4x3 >1
apwy +anpwe < o

—x1+3x —x3 > 2
aizwy +axwe < G

Xlzoa X2207 X3ZO
wi,wp > 0
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L Examples

Example 2: Bounded?

Certificate of However, no solution exists. Why?
Boundedness
wi—w <5, —wy + 3w < —6
wi—w < b = wp < —0.5,
—w1+3wmm < —6
Cdwy —wy < but wy > 0.
wi, Wo Z 0.
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Example 2: Bounded?

Certificate of Unboundedness

min 5x; — 6xo + 4x3

az1+ozn+azz < 0

x1—xp —4x3 >1
aiiz1 +anzn +aizzz > 0

—x1+3x —x3 > 2
ar1z1 +axnz +axnzz > 0

Xlzoa X2207 X3ZO
z1,22,z3 > 0.
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L Examples

Example 2: Bounded?

Certificate of We can find the solution, i.e.,
Unboundedness

(z1,22,23) = (1,1,0)
5z1 — 62z + 4z3
So we can conclude that this LP is

Z1 — 2 — 423
unbounded.

—z21+ 32— z3

vV IV IV A
o o o o

Z1,22,23
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L Examples

Extension: LP in Standard Form

min

s.t.

C1X1 + C2X2 + ...+ CphXpn
ayxy + apxo + ...+ ainxn = b1
axnx1 + axnxa + ...+ awnxy, = by

am1X1 + ameX2 + ...+ ampXn = bm;

X1, X2, ..., %Xp > 0.
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Certificate of Feasibility

Certificate of feasibility is the solution to the following system of

inequalities,
ai1z1 +awzn +...+awmz, = b,
121 +axzn +...+anz, = by,
am1Z1 + amez2 + ...+ amnzn = bmv
z1 > 07
z, > 0
More specifically, if there exists zi, ..., z, such that the above

inequality holds true, then the LP is feasible.
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Certificate of Infeasibility

Certificate of infeasibility is the solution to the following system of

inequalities,
biwy + bowo + ...+ bpw, > 0,
aiwy +awe + ... +amw, < 0,
appwr + apwe + ...+ amw, < 0,
ainwi 4+ agawo + ...+ ampwWm < 0.
More specifically, if there exists wy, ..., wy, such that the above

inequality holds true, then the LP is infeasible.
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L Examples

Certificate of Unboundedness

Certificate of unboundedness is the solution to the following
system of inequalities,

az1+ozn+...+cz, < 0
a11z1 + a2z + ...+ ainzn =

ar1Z1 + ax»zy + ...+ apnz, =

am1z1 +amz + ...+ amnzn = 0,
4 2 0’
z, > 0.
More specifically, if there exists zi, ..., z, such that the above

inequality holds true, then the LP is unbounded.
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Certificate of Boundedness

Certificate of boundedness is the solution to the following system
of inequalities,

agiws +awe +...+amwnm <
appwy +apwe + ...+ amw, < O
ainwi + apw2 + ...+ 3mpWm < Cp.
More specifically, if there exists wi, ..., wp, such that the above

inequality holds true, then the LP is bounded with a lower bound:

biwy + bows + ... + bypywp,.
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Certificate of Optimality
Certificate of optimality is the solution to the unified system of
Certificate of feasibility and Certificate of boundedness with an
additional equality:

a11z1 + a2 + ...+ aipzn, = by,
amiz1 +amz2 + ... +amnzn = bpy
auws +awe + ...+ amwn < q
aipwi + apWo + ...+ amaWm < G
Zly-eeyZn =2
c1z1+...+¢cnzy—bywy — ... — bpw, = 0.

Also, z1,...,z, is an optimal solution to the LP problem.
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LP in Inequality Form

min  cix1 + Gxo + ...+ ChXn
s.t. ayixy +axo + ...+ aipxn > b1

axx1 + axnxa + ...+ apxn > b

amiX1 + amexo + ...+ amnXn > bm.
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Certificate of Feasibility

Certificate of feasibility is the solution to the following system of

inequalities,
anz +awzn +...+awmz, > by,
ax1z1 +axnz + ...+ anz, > by,
am1z1 +amz2 + ...+ amnzn = bm.
More specifically, if there exists zi, ..., z, such that the above

inequality holds true, then the LP is feasible.
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Certificate of Infeasibility

Certificate of infeasibility is the solution to the following system of

inequalities,
biwiy + bowo + ...+ bpw, > 0,
aiws +aiw+...+amw, = 0,
appws + apwo + ...+ amw,, = 0,
aipwi +apw2 + ...+ ampWm = 0,
w1 Z )
w, > 0.
More specifically, if there exists wy, ..., wy, such that the above

inequality holds true, then the LP is infeasible.
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L Examples

Certificate of Unboundedness

Certificate of unboundedness is the solution to the following
system of inequalities,

az1t+ozn+...+chzy, < 0
anz +apzn + ...+ anz, >
a21z1 +axnz + ...+ anz, >
amizi +amz + ...+ ampnzs > 0.
More specifically, if there exists zi, ..., z, such that the above

inequality holds true, then the LP is unbounded.
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Certificate of Boundedness

Certificate of boundedness is the solution to the following system
of inequalities,

aiiwy +axwr +...+amwWm = C

aipowi + appwsr 4+ ...+ amwy =

aipwy + apWwo + ...+ ampWm = Cp
wi Z 0
w, > 0.
More specifically, if there exists wi, ..., wy, such that the above

inequality holds true, then the LP is bounded with a lower bound:
biwi + bows + ... + bW,
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Certificate of Optimality

Certificate of optimality is the solution to the unified system of
Certificate of feasibility and Certificate of boundedness with an

additional equality:

ai1z1 + ainzo + ...+ ainzn

am1Z1 + am222 + ...+ amnzn

awy +anwe + ...+ amWn

ainWi + aopWo + ... + amnWm
Wi, ..., Wh

cz1+...+cpzn— biwy — ... — bpywn

>

v ol

blu

bm

G

Cn

0.

Also, z1,...,z, is an optimal solution to the LP problem.
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Thank you for your attention !
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