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Comments about Certificates

LP in Symmetric Form

min cTx

s.t. Ax ≥ b,

x ≥ 0.

or

min c1x1 + c2x2 + . . . + cnxn

s.t. a11x1 + a12x2 + . . . + a1nxn ≥ b1

a21x1 + a22x2 + . . . + a2nxn ≥ b2

...

am1x1 + am2x2 + . . . + amnxn ≥ bm,

x1, x2, . . . , xn ≥ 0.
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LP transformations
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Comments about Certificates

Certificate of Feasibility
Certificate of feasibility is z ∈ Rn such that

Az ≥ b,

z ≥ 0.

or

a11z1 + a12z2 + . . . + a1nzn ≥ b1,

a21z1 + a22z2 + . . . + a2nzn ≥ b2,
...

am1z1 + am2z2 + . . . + amnzn ≥ bm,

z1 ≥ 0,
...

zn ≥ 0.
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Comments about Certificates

Certificate of Infeasibility
Certificate of infeasibility is w ∈ Rm such that

wTb > 0

wTA ≤ 0,

w ≥ 0.

or

b1w1 + b2w2 + . . . + bmwm > 0,

a11w1 + a21w2 + . . . + am1wm ≤ 0,

a12w1 + a22w2 + . . . + am2wm ≤ 0,
...

a1nw1 + a2nw2 + . . . + amnwm ≤ 0,

w1 ≥ 0, . . . , wm ≥ 0.
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Comments about Certificates

Certificate of Unboundedness
Certificate of unboundedness (together with the sertificate of
feasibility) is z ∈ Rn such that

cTz < 0,

Az ≥ 0,

z ≥ 0.

or

c1z1 + c2z2 + . . . + cnzn < 0

a11z1 + a12z2 + . . . + a1nzn ≥ 0

a21z1 + a22z2 + . . . + a2nzn ≥ 0
...

am1z1 + am2z2 + . . . + amnzn ≥ 0,

z1 ≥ 0, . . . , zn ≥ 0.
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Comments about Certificates

Certificate of Unboundedness
How to use? - Add to the certificate of feasibility!

min −2x1 −x2

s.t. x1 +2x2 ≥ 4
3x1 +2x2 ≥ 6
x1 ≥ 0

x2 ≥ 0
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Comments about Certificates

Certificate of Boundedness
Certificate of boundedness is w ∈ Rm such that

wTA ≤ c,

w ≥ 0.

or

a11w1 + a21w2 + . . . + am1wm ≤ c1

a12w1 + a22w2 + . . . + am2wm ≤ c2

...

a1nw1 + a2nw2 + . . . + amnwm ≤ cn

w1 ≥ 0, . . . , wm ≥ 0.

Lower bound:
b1w1 + b2w2 + . . . + bmwm.
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Comments about Certificates

Certificate of Optimality
Certificate of optimality is a Certificate of feasibility z ∈ Rn and a
Certificate of boundedness w ∈ Rm such that

cTz = wTb

(such z is the optimal solution of the LP) or

a11z1 + a12z2 + . . . + a1nzn ≥ b1,
...

am1z1 + am2z2 + . . . + amnzn ≥ bm

a11w1 + a21w2 + . . . + am1wm ≤ c1

...

a1nw1 + a2nw2 + . . . + amnwm ≤ cn

z1, . . . , zn,w1, . . . ,wm ≥ 0

c1z1 + . . . + cnzn − b1w1 − . . .− bmwm = 0.
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Comments about Certificates

How to find certificates
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Examples

Example 1: Show Feasibility,

min 2x1 +x2

s.t. x1 +2x2 ≥ 4
3x1 +2x2 ≥ 6
x1 ≥ 0

x2 ≥ 0

Certificate of Feasibility

a11z1 + a12z2 ≥ b1,

a21z1 + a22z2 ≥ b2,

z1, z2 ≥ 0.

We can find the solution, i.e.,
(z1, z2) = (2, 1). So the LP is feasible.
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Examples

Show Boundedness and give lower bounds.

min 2x1 +x2

s.t. x1 +2x2 ≥ 4
3x1 +2x2 ≥ 6
x1 ≥ 0

x2 ≥ 0

Certificate of Boundedness

a11w1 + a21w2 ≤ c1

a12w1 + a22w2 ≤ c2

w1,w2 ≥ 0

and

w1 + 3w2 ≤ 2

2w1 + 2w2 ≤ 1

w1,w2 ≥ 0.

We can find the solution, i.e.,
(w1,w2) = (0.5, 0), and the corresponding
lower bound 4 · 0.5 = 2.
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Show Boundedness and give lower bounds.

min 2x1 +x2

s.t. x1 +2x2 ≥ 4
3x1 +2x2 ≥ 6
x1 ≥ 0

x2 ≥ 0

Certificate of Boundedness
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Examples

Solve Graphically to Optimality

min 2x1 +x2

s.t. x1 +2x2 ≥ 4
3x1 +2x2 ≥ 6
x1 ≥ 0

x2 ≥ 0
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Examples

Example 2: Bounded?

min 5x1 − 6x2 + 4x3

x1 − x2 − 4x3 ≥ 1

−x1 + 3x2 − x3 ≥ 2

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

Certificate of Boundedness

a11w1 + a21w2 ≤ c1

a12w1 + a22w2 ≤ c2

a13w1 + a23w2 ≤ c3

w1,w2 ≥ 0
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Examples

Example 2: Bounded?

Certificate of
Boundedness

w1 − w2 ≤ 5

−w1 + 3w2 ≤ −6

−4w1 − w2 ≤ 4

w1,w2 ≥ 0.

However, no solution exists. Why?

w1 − w2 ≤ 5, −w1 + 3w2 ≤ −6

=⇒ w2 ≤ −0.5,

but w2 ≥ 0.
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Examples

Example 2: Bounded?

min 5x1 − 6x2 + 4x3

x1 − x2 − 4x3 ≥ 1

−x1 + 3x2 − x3 ≥ 2

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

Certificate of Unboundedness

c1z1 + c2z2 + c3z3 < 0

a11z1 + a12z2 + a13z3 ≥ 0

a21z1 + a22z2 + a23z3 ≥ 0

z1, z2, z3 ≥ 0.
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Examples

Example 2: Bounded?

Certificate of
Unboundedness

5z1 − 6z2 + 4z3 < 0

z1 − z2 − 4z3 ≥ 0

−z1 + 3z2 − z3 ≥ 0

z1, z2, z3 ≥ 0.

We can find the solution, i.e.,

(z1, z2, z3) = (1, 1, 0)

So we can conclude that this LP is
unbounded.
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Examples

Extension: LP in Standard Form

min c1x1 + c2x2 + . . . + cnxn

s.t. a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

...

am1x1 + am2x2 + . . . + amnxn = bm,

x1, x2, . . . , xn ≥ 0.
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Examples

Certificate of Feasibility

Certificate of feasibility is the solution to the following system of
inequalities,

a11z1 + a12z2 + . . . + a1nzn = b1,

a21z1 + a22z2 + . . . + a2nzn = b2,
...

am1z1 + am2z2 + . . . + amnzn = bm,

z1 ≥ 0,
...

zn ≥ 0.

More specifically, if there exists z1, . . . , zn such that the above
inequality holds true, then the LP is feasible.
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Examples

Certificate of Infeasibility

Certificate of infeasibility is the solution to the following system of
inequalities,

b1w1 + b2w2 + . . . + bmwm > 0,

a11w1 + a21w2 + . . . + am1wm ≤ 0,

a12w1 + a22w2 + . . . + am2wm ≤ 0,
...

a1nw1 + a2nw2 + . . . + amnwm ≤ 0.

More specifically, if there exists w1, . . . ,wm such that the above
inequality holds true, then the LP is infeasible.
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Examples

Certificate of Unboundedness
Certificate of unboundedness is the solution to the following
system of inequalities,

c1z1 + c2z2 + . . . + cnzn < 0

a11z1 + a12z2 + . . . + a1nzn = 0

a21z1 + a22z2 + . . . + a2nzn = 0
...

am1z1 + am2z2 + . . . + amnzn = 0,

z1 ≥ 0,
...

zn ≥ 0.

More specifically, if there exists z1, . . . , zn such that the above
inequality holds true, then the LP is unbounded.
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Examples

Certificate of Boundedness

Certificate of boundedness is the solution to the following system
of inequalities,

a11w1 + a21w2 + . . . + am1wm ≤ c1

a12w1 + a22w2 + . . . + am2wm ≤ c2

...

a1nw1 + a2nw2 + . . . + amnwm ≤ cn.

More specifically, if there exists w1, . . . ,wm such that the above
inequality holds true, then the LP is bounded with a lower bound:

b1w1 + b2w2 + . . . + bmwm.
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Examples

Certificate of Optimality
Certificate of optimality is the solution to the unified system of
Certificate of feasibility and Certificate of boundedness with an
additional equality:

a11z1 + a12z2 + . . . + a1nzn = b1,
...

am1z1 + am2z2 + . . . + amnzn = bm

a11w1 + a21w2 + . . . + am1wm ≤ c1

...

a1nw1 + a2nw2 + . . . + amnwm ≤ cn

z1, . . . , zn ≥ 0

c1z1 + . . . + cnzn − b1w1 − . . .− bmwm = 0.

Also, z1, . . . , zn is an optimal solution to the LP problem.



IEOR 240, Discussion 5

Examples

LP in Inequality Form

min c1x1 + c2x2 + . . . + cnxn

s.t. a11x1 + a12x2 + . . . + a1nxn ≥ b1

a21x1 + a22x2 + . . . + a2nxn ≥ b2

...

am1x1 + am2x2 + . . . + amnxn ≥ bm.
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Certificate of Infeasibility
Certificate of infeasibility is the solution to the following system of
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...

wm ≥ 0.

More specifically, if there exists w1, . . . ,wm such that the above
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Certificate of Boundedness
Certificate of boundedness is the solution to the following system
of inequalities,
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Certificate of Optimality
Certificate of optimality is the solution to the unified system of
Certificate of feasibility and Certificate of boundedness with an
additional equality:
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Examples

Thank you for your attention !
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