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Topological complexity

f : X → R
subgraph (α) : {(x , y)|f (x) ≤ y ≤ α}
Complexity is low if the number of connected components in
subgraph (α) monotonically decreasing on [infx∈X f (x),∞]
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Kac-Rice formula

F : U → Rd — a.s. C1, centered Gaussian field (non-degenerate)
u ∈ Rd , Borel B ⊂ open U ⊂ Rd

Nu(B) = |{t ∈ B,F (t) = u}|
P[∃t ∈ U F (t) = u,det∇F (t) = 0] = 0

E[Nu(B)] =

∫
B
E
[
|det∇F (t)|

∣∣F (t) = u
]
PF (t)(u)dt

Igor Molybog Topological complexity of random polynomials 8 / 42



Kac-Rice formula Gaussian polynomials Tensor PCA Références

Kac-Rice formula

F : U → Rd — a.s. C1, centered Gaussian field (non-degenerate)
u ∈ Rd , Borel B ⊂ open U ⊂ Rd

Nu(B) = |{t ∈ B,F (t) = u}|
P[∃t ∈ U F (t) = u,det∇F (t) = 0] = 0

E[Nu(B)] =

∫
B
E
[
|det∇F (t)|

∣∣F (t) = u
]
PF (t)(u)dt

Igor Molybog Topological complexity of random polynomials 9 / 42



Kac-Rice formula Gaussian polynomials Tensor PCA Références

Kac-Rice formula

F : U → Rd — a.s. C1, centered Gaussian field (non-degenerate)
u ∈ Rd , Borel B ⊂ open U ⊂ Rd

Nu(B) = |{t ∈ B,F (t) = u}|
P[∃t ∈ U F (t) = u,det∇F (t) = 0] = 0

E[Nu(B)] =

∫
B
E
[
|det∇F (t)|

∣∣F (t) = u
]
PF (t)(u)dt

Igor Molybog Topological complexity of random polynomials 10 / 42



Kac-Rice formula Gaussian polynomials Tensor PCA Références

Kac-Rice formula

F : U → Rd — a.s. C1, centered Gaussian field (non-degenerate)
u ∈ Rd , Borel B ⊂ open U ⊂ Rd
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E[Nu(B)] =

∫
B
E
[
|det∇F (t)|

∣∣F (t) = u
]
PF (t)(u)dt

Can consider B = f−1(V ), B = {t |∇2f (t) ⪰ 0)}, etc.
Generalizations to non-Gaussian fields are available
Generalizations to higher moments are available
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Spherical p-spin glass Hamiltonian

Ji1...ip are i.i.d N (0,1); x ∈ SN−1(
√

N)

HN,p(x) = N
1−p

2

N∑
i1,...,ip=1

Ji1...ip xi1 . . . xip

any isotropic Gaussian field on a sphere is a conic combination
of p-spin glasses for different p
worst case num of crit points of HN,p is
2((p − 1)N−1 + (p − 1)N−2 + . . .+ 1)
average case is half of that
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The average number of critical points

CrN,k (B) is the number of critical points of HN,p on SN−1(
√

N) with
index k (num. of descent directions) and values in B.

E[CrN,k (B)] = 2

√
2
p
(p − 1)

N
2 EGOE(N)

[
e−N p−2

2p λ2
k I{λk ∈

√
p

2(p − 1)
B}

]
If we take B = (−∞,Nu] then

lim
N→∞

1
N

logE[CrN,k (B)] = Θk,p(u)
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Implications on Langevin dynamics
w — Brownian motion on the sphere{

dxt = dwt − β∇HN(xt)dt
x
∣∣
t=0 = x0

Convergence is fast if β is small and exponentially slow if β is low.
Multiple interesting time scales in high β regime, extensively
studied by physicists
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Tensor PCA problem formulation

Equivalent reformulations :

maxx∈SN−1
∑M

i=1⟨Yi , σ
⊗p⟩;

Yi = µu⊗p + 1√
2N

Wi ;Wi =
∑

π∈Σp

Gπ

p! ;G — i.i.d. Gaussian

maxx∈SN−1⟨Y , σ⊗p⟩; Y = λu⊗p + 1√
2N

W

maxx∈SN−1 f (x); f (x) = λ⟨u, x⟩p − HN,p(x)
Hessian looks like GOEN + λIN︸ ︷︷ ︸

like p-spin glass

+cNλAN
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Complexity of Tensor PCA
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MLE landscape
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Note : weak recovery

An estimate x̂N achieves weak
recovery if for large N and some
fixed η > 0

⟨x̂N ,u⟩ > η
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Note : strong recovery

An estimate x̂N achieves strong
recovery if there exists εN → 0

⟨x̂N ,u⟩ > 1 − ε
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Complexity of MLE

Crf (M,E) num of crit points x of f with f (x) ∈ E and ⟨x ,u⟩ ∈ M

lim
N→∞

sup
1
N

logE[Crf (M,E)] ≤ sup
m∈M̄,e∈Ē

Sx(m,e)

lim
N→∞

inf
1
N

logE[Crf (M,E)] ≥ inf
m∈M̄,e∈Ē

Sx(m,e)
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Complexity of MLE

Considering λ around λIT = λMLE , introduce λc < λIT
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Gradient Descent with restarts

ML models are being trained from r multiple initialization for a fixed
number of steps T .

If λ is small :

(T fixed, r → ∞) works better than (T → ∞, r fixed)

If λ is large :

(T → ∞, r fixed) works better than (T fixed, r → ∞)

What is the right way to pick T/r ?
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Gradient Descent with restarts

Igor Molybog Topological complexity of random polynomials 37 / 42



Kac-Rice formula Gaussian polynomials Tensor PCA Références

Tight anticoncentration for ⟨x0,u⟩

Let (Z1, . . . ,ZN) be a standard Gaussian vector. Then
⟨x0,u⟩ ∼ Z1√

Z 2
1 +...+Z 2

N

⟨x0,u⟩2 ∼ Beta(1/2, (N − 1)/2)
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Summary

Kac-Rice formula is a valuable tool for the analysis of a noisy
landscape
Tensor PCA is a rich problem class with a lot of structure, very
close to the problems our group has been working on
I’m working towards the specific trade-off between the number of
trajectories and their length, but there is a myriad of open
problems

Igor Molybog Topological complexity of random polynomials 39 / 42



Kac-Rice formula Gaussian polynomials Tensor PCA Références

Questions?

Thank you for your attention !

Questions?
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